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, Lefschetz hyperplane section theorem .
Lefschetz . (1) $H$ $\mathbb{P}_{\mathbb{C}}generiC$ , $i<d$ $i$
,
$H_{i}(X,X\cap H)=0$ .
$(\underline{9})$ , $i<d$ , $\pi_{i}(X;x\cap H)=0$ .
M. Raynaud





. $\S^{\underline{\eta}}$ , Whitehead pro-
homotopy , \S 4
Lefschetz hyperplane section theorem ..
$(\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}4.3)$ :
. $k$ , $x\text{ }$ $d$
. generic hyperplane $H$ $Y=X\cap H$
.. , $d\geq 3$ .
$\pi_{i}((\mathrm{Y})_{\mathrm{e}t}^{\wedge})arrow\pi_{i}((x)e\wedge)t$
$i<d-1$ , $i=d-1$ .
, $\mathrm{L}$ $k$ , $(X)_{et}^{\wedge}$ ,
$(.\mathrm{Y})_{\mathrm{e}t}^{\wedge}$ $X$ $\mathrm{Y}$ pro-L .
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\S .5, Thm. 9]) :
2.1 (Whitehead). $X,$ $\mathrm{Y}$ $f:.(X, .\cdot \mathrm{r}_{0})arrow$
$(Y, y_{0})$ . $n\geq 1$ ,
$f_{\#}$ : $\pi_{q}(x, X_{0})arrow\pi_{q}(Y, y_{0})$
$q<n$ $q=n$ ,
$f_{*}:$ $H_{q}(X,x_{0)}arrow H_{q}(Y’,$ $y_{0)}$
$q<n$ , $q=n$ .
$X$ $\mathrm{Y}$ , $q<n$ $q=n$
$q<n$ , $q=n$ .
$\mathbb{C}$ . $\mathrm{C}$ fibre products $\mathrm{C}$ simplitial
objects n-truncation functor (n-coskelton func-
$\mathrm{t}\mathrm{o}\mathrm{r})$ (Artin-Mazur [1, \S 1]).
, ’ $\mathrm{C}\mathrm{W}$- $\mathcal{H}$ simpiicial sets -
$\mathcal{K}$ – (Bousfield-Kan $[^{\mathrm{Q}}.$ , Ch. VIII]).. $X\in \mathcal{H}$ , $X$
n-coskelton $cosk_{n}(X)$ . $cosk_{n},$ $(X)$ $\geq n$
, $i<n$
$\pi_{i}(cosk_{n}(X))\simeq\pi_{i}(x)$




$\mathrm{C}$ pro-object , small filtering index category $I$ $C$
$X:I^{o}\sim\not\subset$
. $X=\{X_{i}\}_{iI}\in$ . . $\mathbb{C}$ pro-
objects pro-C . $X=\{x_{i}\}_{i\in}I,$ $Y=\{Y_{j}\}_{jJ}\in\in_{\mathrm{P}}\mathrm{r}\mathrm{o}^{-\mathbb{C}}$
, $\mathrm{p}\mathrm{r}\mathrm{o}-\mathbb{C}$
$\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{P}^{\mathrm{r}\mathrm{o}_{-}}\mathrm{C}}(x, Y)$
$:=. \frac{1\mathrm{i}\mathrm{m}}{\backslash j}\underline{1\mathrm{i}\mathrm{m}_{t}}\mathrm{H}\mathrm{o}\mathrm{m}\not\subset(xii, Y_{j})$
( [1, Appendix 2] ).
$-$
$\mathrm{C}\mathrm{W}$ $\mathcal{H},$ $X=\{X_{i}\}_{i\in I}\in \mathrm{P}^{\mathrm{r}\mathrm{o}-}\mathcal{H}$
pro-CW . , $.\vee 7$ $A$ $X$
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$\pi_{n}(X):=\{\pi(n)x_{i}\}_{i\in}I\in \mathrm{p}_{\Gamma}\mathrm{o}-(G\cdot roup_{S})$
$H^{n}(X, A):= \frac{1\mathrm{i}\mathrm{n}\mathrm{i}}{i^{r}}H^{n}(X_{i}, 44)\in(C\tau ro\cdot nps)$
. .
$C$ Serre , $C$ $\mathrm{C}\mathrm{W}$





. C- ([1, \S 3]).




2.2. $n$ 2 ,. $f:X.arrow Y$ $p_{7’}o-cW- \text{ }.X,$
$\mathrm{Y}$
.
(i) $\pi_{1}(X)^{-}\simeq\pi_{1}(Y)^{-}$ , twisted coefficient module $M\in C$






Remark. , (i) (ii) ,
.











$=[cosk_{n}(arrow \mathrm{x}^{\nearrow}\wedge), \nu V]$





, $\psi$ – . (i) $\pi_{1}(X)^{-}\simeq\pi_{1}(Y)^{\wedge}$










$n$ , $f^{*}$ .
$<n$ $W$ ,
$[\mathrm{Y}, cosk_{n}-1(\nu V)].arrow[X, cosk_{n}-1(W)]$
. ..

















$0_{i}\in H^{n}(Yi,x_{i}, \pi)$ ,
. \mbox{\boldmath $\pi$} $:=\pi_{q-1}(W)$ .
. $..arrow H^{n-1}(Y_{i}, \pi)arrow H^{n-1}(X_{i}, \pi)\prec\delta,\eta H^{n}(\mathrm{Y}iA\mathrm{v}_{i}, \pi)arrow Hn(Yi, \pi)arrow\cdots$
(i) , i\rightarrow i’




$i’$ . uP to homotopy
, $\mathrm{C}\mathrm{W}$ .
,
$H^{n}(\mathrm{Y}_{i,i}X,/\tau)arrow H^{n}(\mathrm{Y}_{i’arrow \mathrm{x}_{i}},’, \pi)$ ,
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$0_{i}$ $\mathit{0}_{i’}$
$\text{ _{ } _{}\eta\prime}\mathit{0}_{i}=0$
,
$\chi’\in H^{n}-1(X_{i^{J}}, \pi)\mathrm{J}$
\mbox{\boldmath $\delta$}\mbox{\boldmath $\chi$}’ $=0_{i’}$ . .
$H^{n-1}(\mathrm{Y}, \pi)\simeq H^{n}-1$ (X.: $\pi$ )
, $H^{n-1}(X_{i}\prime\prime, \pi)$ \mbox{\boldmath $\chi$}’ \mbox{\boldmath $\chi$}’’ $\rho^{\prime\prime n-1}\in H(\mathrm{Y}_{i’}’,\prime \mathrm{T}’)$




$i”$ . , $\mathit{0}_{i’}$
$H^{n}(Y_{i’},Xi’, \pi)arrow H^{n}(Y_{i’’}, J\mathrm{Y}_{i}\prime\prime, \pi)$





2.3. $V\in p_{\Gamma O-}\mathcal{H}$ . $k\geq 1$
$G\in C$ ,
$\mathrm{H}_{\mathrm{o}\mathrm{m}_{\langle)}}-Og\prime oup(p_{\Gamma}\pi_{k}(\hat{V}), G)\simeq[V, K(G, k)]$ .
Proof. $\hat{V}=\{V_{i}\}$ . coskelton functor
,
. $[V_{i}, K(G, k)]\simeq[K(\pi_{k}(Vi), k), K(G, k)]$ .
, Hurewicz
$[K(\pi_{k}(Vi), k), K(G, k)]\simeq H^{k}(K(\pi_{k}(Vi), k),$ $G)$
$\simeq \mathrm{H}\mathrm{o}\mathrm{m}(Hk(K(\pi k(V_{i})), k),$ $G)$
$\simeq \mathrm{H}_{\mathrm{o}\mathrm{m}(_{T}}lk(\}^{\gamma_{i}}),$ $G)$ .
. , $i$ $\mathrm{H}\mathrm{o}\mathrm{m}(\pi k(\mathrm{L}_{i}’)’, G)\simeq[V_{i}, K(G, k)]$
. ,




[V, $K(G,$ $k)$ ] $\simeq[\hat{V}, K(G.k)]$ .
23. .
. $G\in C$ . 2.3






, \mbox{\boldmath $\pi$}n(X) $arrow\pi_{n}(\hat{Y})$ .
3. REVIEW OF THE COHOMOLOGICAL LEFSCHETZ HYPERPLANE
SECTION THEOREM
$X$ scheme , $F$ etale site Xet .
$x\in X$ $x$ geometric point -x . $\overline{x}$
$X$ strict henselizationon –X , –X $\mathcal{F}^{\cdot}$ inverse image $\tau\overline{\mathcal{F}}\neq$
. .




$(X’arrow\overline{\swarrow \mathrm{Y}})\vdash tH_{X_{\overline{x}}}^{q},$$(x’, \mathcal{F}’)$ .
, Lefschetz
([6, XIV, 4.6]) :
3.2 (Raynaud). $k$ , $X/k$ proper scheme . $U\subset X$
open subshceme , $c+1$ affine open subscheme
. $Y\subset X$ closed subscheme , underlying space
$X\backslash U$ . $j:Yarrow X$ .






$i<n-c-1$ , $i=n-c-1$ .
4. HOMOTOPICAL LEFSCHETZ THEOREM
. , . ([1], [4]). $X$
noetherian , $\overline{x}$ geometric point . $X_{et}$
$X$ ( ) site .
4.1. etale hyperrcovering U. , $-Y_{et}$ sim-
plicial object , :
(1) $U_{0}$ $arrow X$ .
(2) $n\geq 0$ ,
$U_{n+1}arrow(cosk_{n}(U.))_{n+1}$
.
$HR(X)$ $X$ etale hypercoverings
, connected component functor II $HR(X)$
simplicial sets
$U$. $\in HR(X)rightarrow\Pi(U.)\in(S.SetS)$
. $HR(X)^{\mathrm{o}}$ ltering . (Verdier’s Theorem,
[7, $\mathrm{V}$ , Th. 73.-] $)$ . , pro-simphhcial set
$\{\mathrm{I}\mathrm{I}(U.)\}_{U.\in H}R\mathrm{t}x)$
. simplicial sets $\mathrm{C}\mathrm{W}$ pro-CW
$(X)_{et}$ . $X$ .
$\mathrm{J}.\mathrm{L}$ :Verdier . ([7, $\mathrm{V}$ , Th. 7.4.1]) :
4.2 (Verdier). $\mathcal{F}$ Xet , $q\geq 0$
$H^{q}(x_{et}. \mathcal{F})=\frac{1\mathrm{i}\mathrm{n}!}{HR\prime}(H9\mathcal{F}(UU.\in(X).))$
. cosimphcial group $\mathcal{F}(U.)$
.
, $X_{et}$ 7 $A$ ,
$A$ ,
$H_{et}^{q}(x, A)\simeq H^{q}((x)\mathrm{e}t, A)$
.
$k$ $\mathrm{P}^{n}$ , $X$ $d$
. $\mathbb{P}^{n}$ generic hyperplane $H$ , $Y=X\cap H$
. $\iota$ : $Y\mapsto X$ . $Y$ $n-1$ smooth
variety .
221
$\mathrm{L}$ $k$ . $\mathrm{L}$





’ $|.:.$ . .











$H_{et}^{i}(Y, M)arrow H_{et}^{i}(x, M)$
$i<d.-1$ , $i=d-1$ .
Proof of. $P\Gamma oposit,ion\mathit{4}\cdot \mathit{4}\cdot Y$ 2 , Grauert’s
theorem etale analogue ,
$\pi_{1}((\mathrm{Y})_{e}t)arrow\pi_{1}((X)et)$
. ([6, XII Cor 35]). , pro-CW , \sim
. (Artin-Mazur [1, Cor. 3.7])..
, 22 .
$\iota_{*}:$ $\pi_{i}((\mathrm{Y})_{et}^{\wedge})arrow\pi_{i}((X)e\wedge)t$
$i<d-1$ (resp. $i=d-1$ ) (resp. ) ,
twisted module $M\in C_{\mathrm{L}}$ .
$H^{i}((Y)et, M)arrow H^{i}((X)et, M)$




. $\cdot$ $H^{i}((Y)et, M)\simeq H_{\dot{e}t}^{i}(Y, M)$
:
$H_{et}^{i}(Y, M)arrow H_{et}^{i}(X\backslash , M)$
$i<d-1$ , $i=d-1$ .
, $U=X\backslash \mathrm{Y}$ smooth , $F$ $\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{S}\mathrm{i}\mathrm{o}\mathrm{n}$ $k$
. smooth purity theorem ([7, XVI Th. 3.7])






$U$ affine , 32
$H_{et}^{i}(\mathrm{Y}, M)arrow H_{et}^{i}(x_{f}M)$
$i<d-1$ , $i=d-1$ .
$\text{ }$ .
4.5. $n\geq 2$ . $d$ $gene\dot{\mathcal{H}}Ch_{ypeSur}faCe-x\subset \mathrm{P}^{n}$ of
,
$\pi_{i}((x)e\wedge)tarrow\pi_{i}((\mathrm{P}^{n})_{e}^{\wedge}l)$
$i<n.-1$ , $i=n-1$ .
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